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A method is proposed for solving the two-dimensional and axisym- 
metric problems of the stationary temperature field of a porous body 
through whose pores a coolant flows. The proposed method is used 
to solve a number of typical problems associated with the cooling of 
porous ,bodies. 

There are many engineering problems involving 
flows of gases and incompressible liquids in porous 
materials in the presence of large temperature drops 
at the boundaries of the flow region. These problems 
are primarily connected with atomic and chemical 
reactors, blast furnaces, etc. When it is necessary 
to provide reliable thermal protection for all or part 
of a structure operating under high-temperature con- 
ditions, it is quite effective to use porous materials 
cooled by a flow of gas or liquid through the pores 
to the hot surface. Transpiration cooling is most 
frequently used in aircraft and rocket engines, power 
engineering equipment, eteo 

In the literature the problems of the analytical 
determination of the temperature field in the flow 
region are usually examined in the one-dimensional 
approximation [1-3]o 

Our object is to obtain an analytical solution for the 
steady-state temperature field under conditions of two- 
dimensional and axisymmetric flow of a "nonpolytropic" 
gas, i.e., a gas flowing at large temperature drops, 
an incompressible liquid, whose viscosity depends 
on temperature, and a hypothetical coolant, whose 
properties are invariant in the range of temperature 
variation investigated. 

The problem is formulated as follows: a) the flow 
takes place in a nondeformable, uniformly porous 
medium and obeys the law 

K~ n 

v grad P, ( 1 ) 

where  K is constant for  a homogeneous porous  m e -  
dium; b) the t e m p e r a t u r e s  of the porous  body and 
the coolant  a re  the same  at any point of the flow 
reg ion  (this assumpt ion  may  be cons idered  jus t i f ied  
if the in te rna l  su r face  of contact  between the coolant  
and the body is suff ic ient ly  la rge .  The r e su l t s  p r e -  
sented in [4,5] conf i rm the va l id i ty  of this assumption);  
c) in the case  of an i ncompres s ib l e  l iquid we assume  
that  i ts heat  capaci ty  is constant.  When a gas is used 
as the coolant it is a s sumed  that it is a pe r f ec t  gas 
sa t is fying the Clapeyron equation 

P = v R T .  

Then the d i f fe ren t ia l  equation for the t e m p e r a t u r e  of 
the porous body is wr i t t en  in the following fo rm:  

A T --- Cpv v grad T = 0. (2) 

The value of X is a s sumed  constant and equal to the 
mean  value for  the fluid and the porous body. Moreover ,  
T mus t  sa t i s fy  the cor responding  boundary conditions.  

Inthe case  of a x i s y m m e t r i c  flow it is poss ib le  to in-  
t roduce  the s t r e a m  function V given by the  express ions  

OV 
rT vr = - -  , 

Oz 

OV 
ry v~ = - -  - -  (3) 

Or 

Analogous express ions  are  wr i t ten  for  the s t r e a m  
function in the case  of two-d imens iona l  flow. 

It is easy  to see that the sur faces  P = const, V = 
= const,  and ~ = const  a re  mutual ly  orthogonal.  

Instead of the cyl indr ica l  coordinates  z, r, and ~, 
we introduce the orthogonal  cu rv i l i nea r  coordinates  
ql = P, q2 = V, and q3 = ~. The Lam6 coeff ic ients  for  
the new va r i ab l e s  a re  de te rmined  f r o m  the equations 

Or dS  p K v  ~-r 
H i =  " ~ -  dP -- p, ' 

O~V dS  v 1 
H~ = , = ~ = 7 vr ' 

0~__~ d S  

Using exp re s s ion  (1), we t r a n s f o r m  Eq. (2) to the 
new coordinates :  

(4 ) 

where  X = P/KYv n. 

S imi l a r  ca lcula t ions  with t rans i t ion  to the c u r v i -  
l i nea r  orthogonal  coordinates  P, V can also be made 
in the case  of the two-d imens iona l  problem~ In the 
gene ra l  case  instead of Eq~ (2) we obtain 

aT x-F)+-F~TY + T a T  
(5) 

In the case  of two-d imens iona l  f i l t ra t ion  v = 0 ( h e r e ,  
r plays the ro le  of the x coordinate  of the r ec t angu la r  
Car tes ian  coordinate  sys tem xoy, and z the ro le  of 
the y coordinate) ,  while in the a x i s y m m e t r i c  p rob lem 
p = l .  

The solut ion of Eq~ (5) must  sa t i s fy  the boundary 
conditions f o r  T(P,V) cor responding  to the s ta r t ing  
conditions for  T(x, y) or  T(z, r ,  ~)~ 
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We wil l  c o n s i d e r  s e v e r a l  spec i a l  c a s e s  of d e t e r m i -  
nat ion of the t e m p e r a t u r e  f ie ld  of p r a c t i c a l  i n t e r e s t ,  
a lways a s suming  that  the flow obeys D a r c y ' s  law 
(n = 0). In th i s  c a se  the e x p r e s s i o n  for  • s imp l i f i e s  to 

~t 

~ =  K ~ "  

Moreover ,  i t  i s  na tu ra l  to a s s u m e  that  the boundary  
of the r eg ion  in which the t e m p e r a t u r e  d i s t r ibu t ion  i s  
sought is  d iv ided into two p a r t s :  a cold p a r t - - s u r f a c e  
co r r e spond ing  to coolant  in le t - -and  a hot p a r t - - s u r f a c e  
co r r e spond ing  to coolant  outlet .  

1. The t e m p e r a t u r e  and p r e s s u r e  on each  of these  
p a r t s  of the boundary  a r e  constant  (but d i f ferent  on 
each  pa r t ) .  

Since 7 i s  a constant  quant i ty  ( i n c o m p r e s s i b l e  
l iquid) or ,  for  a c o m p r e s s i b l e  gas ,  s a t i s f i e s  the 
Clapeyron  equation,  while in both c a s e s  # m a y  be 
a s s u m e d  to depend on t e m p e r a t u r e ,  for  l i nea r  flow 
X depends only on t e m p e r a t u r e  and p r e s s u r e :  

Z .... ~(P, r).  

There fo re ,  in the given ca se  i t  i s  p o s s i b l e  to f ind a 
solut ion fo r  T that  depends only on P. Thus, Eqo (5) is  
t r a n s f o r m e d  into a s e c o n d - o r d e r  o r d i n a r y  d i f fe ren t i a l  
equat ion in T: 

d ( dT )  Cv dT =0" (6) 
7Y • TF +-2- 7p- 

In tegra t ing  (6), we find 

dT Cp_ T X + const. (7) 
dP )~ 

In tegra t ing  (7), we have 
a) for  an i n c o m p r e s s i b l e  l iquid  ( : /= const) ,  

~t(T) dT = P, (8) 
B - - S T  

where  S = CpyK/X.  We can in tegra te  the lef t  s ide  of 
e x p r e s s i o n  (8) if  we have the r e l a t i o n / z  = p(T) for  the 
s e l e e t e d  l iquid.  

b) for  a c o m p r e s s i b l e  gas  the t e m p e r a t u r e  d e -  
pendence of the gas  v i s e o s i t y  can be a p p r o x i m a t e l y  
de t e rmined  f rom the fo rmula  

( T t "  

Subst i tut ing in X the value of 7 f rom the  Clapeyron  
equation,  toge ther  with the e x p r e s s i o n  for  #, and 
in tegra t ing  e x p r e s s i o n  (7) for  m = 1, we obtain 

p , = _ [ _  7, . 
[ 4F~C1 -}- 4F-  " 

1 l n ( l -  2PC,T) ] +C~, 
+ 8PaC-~- 7 -  

(9) 

where  F = CpKT0/4R#0~t. 
The r e s u l t s  obta ined below r e m a i n  e s s e n t i a l l y  the 

s ame  when the m o r e  gene ra l  law m # 1 is  cons ide red .  

In both c a s e  a) and ca se  b) the cons tan ts  of i n t e -  
g ra t ion  mus t  be s e l ec t ed  f rom the condit ions at the 
boundary.  In the p a r t i c u l a r  case  in quest ion these  
condit ions have the fo rm 

P = P I ,  T-=T1, 

P=P=, T=T~ .  

F r o m  these  condit ions we de t e rmine  the values  of 
the constants  of in tegra t ion  in ex2oressions (8) and (9). 

In the flow reg ion  T (and hence  P) can be d e t e r -  
mined  as  follows~ Subst i tut ing in (2} the e x p r e s s i o n  (1) 
for  v and r e p l a c i n g  # and T (in the case  of a c o m p r e s -  
s ib le  gas)  and a lso  P,  as  ind ica ted  above,  we obtain a 
d i f fe ren t i a l  equation for  T~ Replac ing  T by the new 
va r i ab l e  | f r om the e x p r e s s i o n  

B - -  ST = exp [O1, (10) 

in the ca se  of an i n c o m p r e s s i b l e  l iquid, and 

l - -2P C1T = exp [O], (10') 

in the ca se  of a c o m p r e s s i b l e  gas ,  we a r r i v e  at  the 
Laplace  equation for  the function | 

a 0 = 0. (11) 

Equation (11) mus t  be solved with the boundary  condi -  
t ions  for  @ c o r r e spond ing  to tile s t a r t i ng  condi t ions ,  
using (10) o r  (10') .  

The r e s u l t s  obta ined can be extended to the ea se  of 
a r b i t r a r y  t h r e e - d i m e n s i o n a l  l i n e a r  flow. 

2. The p r e s s u r e  and t e m p e r a t u r e  a r e  constant  at 
the cold su r f ace ,  va r i ab l e  at the hot sur face .  

We a s s u m e  that  the coeff ic ients  # and 7 a r e  con-  
s tant  and equal  to the mean  value  of each  coeff ic ient  
in the given range  of t e m p e r a t u r e  va r i a t ion .  This  
a s sumpt ion  m a k e s  it pos s ib l e  to use  the r e s u l t s  of the  
theo ry  of l i n e a r  flow, in which i t  is  shown that  in 
the p r e s e n c e  of a s t e a d y - s t a t e  flow r e g i m e  P(x, y) 
is  a ha rmonic  function in the reg ion  cons ide red  [6]. 
Consequently,  we can fo rmula t e  and so lve  the Di r i ch le t  
p r o b l e m  for  P.  

In the ca se  of the two-d imens iona l  p r o b l e m ,  taking 
the above a s sumpt ion  into account,  we w r i t e  Eq. (5) in 
the fo rm 

K ~  ~ 03T Cp T K dT O~T + + . . . . . . .  O. 
Op 2 li  ~ o g  ~ ~. ~ OP 

We in t roduce  the new v a r i a b l e s  

P = P , ~ 2 =  ~ V. 

In the coord ina tes  P, r Eq. (5) t akes  the fo rm 

O'T + O"-T 07' =0,  (12) 
op - - - r  + q 7 

where  q = CpTK/PX = const .  
By means  of the subs t i tu t ion  
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Eq. (12) i s  r educed  to the f o r m  

OW OW 
- -  + - -  - - Q W  = O. ( 1 2 ' )  
OP ~ O~ ~ 

Here ,  Q~ = q~/4. 
Let  the  s i m p l y  connected  flow r eg ion  be s y m m e t r i -  

ca l  with r e s p e c t  to one of the axes ,  fo r  example ,  ox, 
and te t  the boundary  junct ion points  a l so  be s y m m e t r i -  
cal  with r e s p e c t  to that  ax i s .  In th is  fo rmula t ion  of the 
p r o b l e m  the given flow reg ion  in the  p lane  xoy wil l  
c o r r e s p o n d  to an inf ini te  s t r i p  R(r -- P -- P~, - ~  < 
< r < + %  in the p lane  POe, s ince ,  as  the junct ion point  
i s  approached ,  the quant i ty  r i n c r e a s e s  without bound, 
taking inf in i te ly  l a r g e  va lues  at  these  points .  

Thus, b e a r i n g  in mind  what was sa id  above,  we can 
now fo rmula t e  the boundary  va lue  p r o b l e m  as  fo l lows:  
to f ind the  so lu t ion  of Eq. (12') within the infini te  
s t r i p  G: - ~  < r < +~ ,  R(r s P -< P,,  s a t i s fy ing  the 
conditions 

P = P ~ ,  U , = O , P = R ( , ) ,  U~=O(P ,  , ) .  (13) 

Here ,  R(r and @(P, r a r e  known funct ions c o r r e -  
sponding to those  g iven  in the p lane  xoy.  

F r o m  cons ide ra t i ons  of a phys i ca l  na tu re ,  i t  fol lows 
that  the t e m p e r a t u r e  d i s t r i bu t ion  wil l  be s y m m e t r i c a l  
about the l ine r = 0 and consequent ly  (0U/0r162 0 = 0. 
Moreover ,  f r om the s a m e  cons ide ra t i ons  i t  i s  obvious 
tha t  as  r ~ •  and U ~ 0, 8U/~r ~ 0. 

Boundary  value  p r o b l e m  (12 ' ) - (13)  can be  r e d u c e d  
to a v a r i a t i o n a l  p r o b l e m  b y  se lec t ing  the funct ional  fo r  
which the given equat ion would be the E u l e r  equat ion 
and then inves t iga t ing  this  funct ional  for  the e x t r e m u m  
by the Ri tz  method.  As is  e a s y  to ve r i fy ,  Eq. (12') is  
the EuIer  eqUation for  the funct ional  

I[U] = {' ; [\ Op ] + \0-~] 
G 

In the  Ri tz  method the va lues  of I[U] a r e  i n v e s -  
t iga ted  not on a r b i t r a r y  p e r m i s s i b l e  c u r v e s  of the 
given v a r i a t i o n a l  p r o b l e m ,  but  only  on the l i n e a r  
combina t ions  

U~ = i a,, 9~ (P, *), 
k~O 

where  ~oi[ D = 0 (i  = 1, 2 . . . . .  n); ~o0[ D =@(P,  r a 0 -- 1; 
D is  the  bounda ry  of the r eg ion  G; a k  a r e  cons tan t  
coef f ic ien t s  d e t e r m i n e d  f r o m  the s y s t e m  of equat ions  

[~Po, %1 + al[%, %1+ . .  + a,,[%, gad = O, 
�9 , . . . . . . . .  . . . . . . . . .  

[~o, ~P~I + alI~Pi, ~.1 + -.- + an[%, %I = 0 .  
( i5 )  

Here, 

[~, r = [~i, ~A; 

[%, ~t = [OP -OP + 

- O q ~ i  

As shown in [7], the coef f ic ien ts  a ,  . . .  an  a r e  
uniquely d e t e r m i n e d  f rom s y s t e m  (15) if the c o o r d i -  
nate functions a r e  l i n e a r l y  independent .  

As p i (P ,  r i t  i s  p o s s i b l e  to t ake  va r i ous  combina -  
t ions  of t r i g o n o m e t r i c  funct ions o r  po lynomia l s .  F o r  
example ,  fo r  the f i r s t  boundary  va lue  p r o b l e m  a 
s t r o n g l y  m i n i m a l  coord ina te  s y s t e m  in an infini te  
s t r i p  on a two-d imens iona l  p lane can be wr i t t en  as  
fol lows [7]: 

P i - - P  1 s i n i n  cos(2 marctg ~) 
V 1 + ~  P~- -R(~)  

( i =  1, 2..., r e = O ,  t...). 

If ~i(P,  r is  s e l e c t e d  in the fo rm 

1 s i n i a  - P~--P 
V 1 + ~ P~ - -  R (~) ' 

c o r r e spond ing  to m = 0 and sa t i s fy ing  the condi t ions 
0~oi/0r162 0 = 0, ~ilD = 0, then the e x p r e s s i o n  for  
de t e rmin ing  [q~i,~0j] (j ~ 0) t akes  the fo rm 

(i]cos(] +i)r~ + ijcos(i--])r~ ~ X 
= ( (T--i) / 

X ~ [R' ($)]2 d~.  
[P1 - -  R (~)l ( l + ~ )  

F u r t h e r m o r e ,  

f ;  [Q*@(P, ~P) Pi--P 
O 

i~cosi~ Pl--P 
O0 P~--R(~2) O@ 
OP [P~--R(~)I  1 / i + ~  ~ 0~o 

( ~ ,  P1--P + 
x ~ sin i ~z P i - -  R (~) 

(P1 - -  P) R' (~0) 

Pi--P )]dPd~. x i~cos i~  P I - - R ( ~ )  

NOTATION 

v is  the flow r a t e ;  P i s  the p r e s s u r e ;  K is  the 
p e r m e a b i l i t y  f a c to r ;  # is  the coeff ic ient  of dynamic  
v i s c o s i t y ;  n is  the f l o w - r a t e  exponent;  when n = 0, 
the flow obeys  D a r c y ' s  law; when n = - 1 ,  the f low is  
quad ra t i c ;  T is  the t e m p e r a t u r e ;  R is  the gas  cons tant ;  
T i s  the coolant  dens i ty [  Cp i s  the spec i f i c  hea t  of the  
gas  at  cons tan t  p r e s s u r e  o r  the spec i f ic  hea t  of an 
i n c o m p r e s s i b l e  l iquid;  k is  the t h e r m a l  conduct ivi ty;  
z, r ,  and q~ a r e  c y l i n d r i c a l  coo rd ina t e s ;  B, C1, and C 2 
a r e  cons tan t s  of in tegra t ion ;  Pi and T 1 a r e ,  r e s p e c -  
t ive ly ,  the p r e s s u r e  and t e m p e r a t u r e  at  su r f ace  of 
body through which coolant  is  fo rced ;  P2 and T~ a r e ,  
r e s p e c t i v e l y ,  the p r e s s u r e  and t e m p e r a t u r e  at  the 
t r a n s p i r a t i o n  su r f ace .  
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